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Abstract

New solutions of the heat conduction equation inside a spherical droplet are obtained. The droplet is assumed to be
heated by convection and radiation from the surrounding hot gas—a situation typical in many engineering applications.
Initial droplet evaporation and the effects of time dependent gas temperature and convection heat transfer coefficient
are taken into account. In the cases of constant, and almost constant convection heat transfer coefficients, the explicit
formulae for time dependent radial distribution of temperature inside droplets are obtained. In the case of arbitrary
convection heat transfer coefficient, the differential equations are reduced to the Volterra integral equation of the second
kind. A numerical scheme for the solution of this equation is suggested. The solution for constant convection heat
transfer coefficient is applied to a typical problem of fuel droplet heating in a diesel engine. It is shown that finite
thermal conductivity of fuel droplets and the effects of radiation need to be taken into account when modelling droplet

heating in diesel engines.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

The heating of droplets is driven by convective and
radiative heat transfer from the surrounding medium. In
the case of convective heating, there is an initial increase
of temperature at the surface of the droplets, from where
the heat is transferred to their main body. In the case of
radiative heating of realistic semi-transparent droplets,
the thermal radiation is absorbed inside the droplets
[1,2]. Sirignano [3] considered the following classifica-
tion of models for heat transfer inside droplets in order
of increasing complexity: (1) constant droplet-tempera-
ture; (2) infinite liquid thermal conductivity; (3) con-
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duction-limit; (4) effective conductivity; (5) vortex model
of droplet heating; (6) Navier-Stokes solution.

Model 2 is perhaps most widely used in multidi-
mensional commercial Computational Fluid Dynamics
(CFD) codes [4-7] and analytical studies [8-10]. The
main attractive feature of this model is its simplicity.
However, model 3 can give a noticeable improvement in
the prediction of diesel spray evaporation processes
when compared with model 2 [11]. The authors of [11]
suggested that a numerical solution of the heat con-
duction equation inside droplets is added to the solution
of gas dynamics, heat transfer and chemical equations
for gas phase. The addition of these calculations would
certainly increase the CPU intensity of the code. It is
known that model 3 may not lead to an improvement in
the accuracy of computations in the case when the
contribution of recirculation inside droplets is significant
[3,12,13]. In this case, models 4-6 would have to be
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Nomenclature

a coefficient introduced in Eq. (7)
a; liquid fuel absorption coefficient
A coefficient introduced in Appendix A
b coefficient introduced in Eq. (7)
B coefficient introduced in Appendix A

B; Planck function

By Spalding number

c specific heat capacity

o constant introduced in Eq. (B.2)

Cn coefficients introduced in Eq. (A.1)

Ci» coefficients in the Planck function

f(r) parameter introduced in formula (A.7)
Jn coefficients introduced in formula (A.7)
Il norm of the function F

G(t,r) kernel defined by formula (24)

G(1) function defined by formula (B.2)

h convection heat transfer coefficient
hRy

ho T 1

n parameter introduced in formula (20)
h(t)Rq

H(t) i 1

1(7) auxiliary integral introduced in Appendix C

k thermal conductivity

L specific heat of evaporation

M molar mass

M) h(t)Tew(1)Ra/ka

n index of refraction

N number of timesteps

Nu Nusselt number

qn coefficients introduced in formula (A.6)

0. efficiency factor of absorption

D coefficients introduced in formula (A.5)

p(r)  A(r)/(ap)
Pi(R)  power generated in unit volume

P rP(r)

Pe Peclet number

Pr Prandtl number

r normalised radius (R/Rq)
R radius

Re Reynolds number

t time

T temperature

To(r)  parameter introduced in formula (A.6)
u Ir
U(r,t) function introduced in formula (22)

0,(r) the full set of non-trivial solutions of Eq.

(A.2)

|lo.(r)|]] parameter introduced in Eq. (A.4)

w normalized absorbed spectral power of
radiation per unit volume

w function introduced in Eq. (11)

Y relative concentration

Greek symbols

¥ parameter introduced in Eq. (E.1)
0 small parameter introduced in Eq. (B.1)
Opm Oifntm, 1ifn=m
At timestep
€ small parameter introduced in formula (29)
N /e
ko k)
K; index of absorption
A wavelength or parameter introduced in Eq.
(A.2)
i eigenvalues of Eq. (A.2)
w0
i
1, parameter introduced in Eq. (E.1)
Heo(t)  —hi(H)u+ po(t)
1, parameter introduced in Eq. (E.1)

Voi2... function introduced in formula (29)

4 parameter introduced in formula (E.2)

o density

T optical thickness or the argument in the in-
tegrands

To a;Rq

X kegr /Ky

40} function introduced in formula (C.1)

Subscripts

a air

b boiling

d droplet

eff effective

ext external

f fuel

fs saturated fuel vapour

g gas

P constant pressure

] surface

up upper

applied. Direct application of models 5 and 6, however,
would require considerable computational resources to
take into account 3D effects [13]. Model 4, where the
effect of convective heat transfer inside droplets is ac-

counted for by replacing the actual thermal conductivity
of liquid 4 by the so called effective thermal conductivity
ker, seems to be a reasonable compromise between
accuracy and computational efficiency. In this model it is
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assumed that ke = yk, where the coefficient y varies
from about 1 (at droplet Peclet number Peys) =
Reg Pryr) < 10) to 2.72 (at Peyiy > 500) and can be
approximated as [3]: y = 1.86 + 0.86 tanh[2.225log,, %
(Peq(r)/30)]. Liquid fuel transport properties were used
for calculating Pey(ry. This model can predict the droplet
average surface temperature, but not the distribution of
temperature inside droplets. In our case, however, we are
primarily interested in the accurate prediction of the
former temperature, which controls droplet evaporation.
Hence, the applicability of this model can be justified.

The aforementioned classification of the models was
suggested based on the assumption that droplet heating
is driven by convection. However, it can be equally ap-
plied to the case when the contribution of radiation is to
be taken into account. The contribution of radiation is
particularly important in the case when fresh droplets
are injected into the burning gas in diesel engines. The
temperature of gas in this case can exceed 2500 K [14—
16]. So far the modelling of droplet convective and
radiative heating, taking into account its finite effective
thermal conductivity, has been performed based on the
numerical simulation of the underlying equations. In
this paper, the results of an analytical study of these
processes will be presented. The approach presented in
this paper is complementary to the one based on the
assumption about the parabolic temperature profile
distribution inside droplets [17,18]. The latter approach
is more accurate than the one based on the assumption
of no temperature gradient inside droplets, but less
accurate than the one considered in this paper.

The previously suggested analytical solutions of the
heat conduction equation in a sphere were limited to the
case when the convection heat transfer coefficient was
constant, and the heat source depended on time, but
spacially homogeneous [20]. A number of analytical
solutions for specific heat source distributions in a
sphere are presented in [19], but no convection has been
accounted for. The analytical solutions discussed in this
paper are generalisations of the results reported in [19-
22]. At first the explicit solution of the problem with
constant heat transfer coefficient, but arbitrary distri-
bution of radiative heat inside droplets, and arbitrary
initial temperature distribution inside droplets, is con-
structed in the form of a convergent series. This solution
is used as an auxiliary tool to solve the problem with the
time-dependent heat transfer coefficient. The latter
problem is reduced to the solution of an integral equa-
tion. This solution is unique and can be obtained
numerically. The numerical algorithm is discussed. An
approximate solution of the integral equation is ob-
tained using the perturbation method for the case of
almost constant heat transfer coefficient. An arbitrary
initial distribution of temperature inside droplets is as-
sumed. The effect of evaporation is taken into account
via a non-zero time derivative of droplet radius in the

enthalpy equation. The solution, however, is based on
the assumption that the changes in droplet surface area
are negligibly small. This assumption is justified when
the time interval is small, while the latent heat of evap-
oration is large. Its range of applicability is investigated.
The contribution of the radiation term is calculated
using the simplified model developed by Dombrovsky
and Sazhin [23,24]. The solution for the constant heat
transfer coefficient is applied to the problem of fuel
droplet heating in diesel engines.

The basic equations and approximations used in our
analysis are discussed in Section 2. The solutions of the
heat conduction equation are presented in Section 3.
The application of one of the solutions to the problem
of heating of diesel fuel droplets, is discussed in Sec-
tion 4. The main results of the paper are summarised in
Section 5.

2. Basic equations and approximations

Assuming that the temperature distribution inside a
droplet (7) is spherically symmetrical the transient heat
conduction equation inside this droplet can be written as
[19,20]

T T 20T

CIP]%: 1<2?+§27R) +P1(R), (1)
where ¢, p; and k are the liquid specific heat capacity,
density and thermal conductivity respectively (assumed
to be constant), R is the distance from the centre of the
sphere, ¢ is time and P, (R) is the power generated in unit
volume inside the droplet due to external radiation.

If the droplet is heated by convection from the sur-
rounding gas, and cooled down due to evaporation, the
energy balance equation at the droplet surface can be
written as

. oT
Ty —T) = —pLRa +hi—| (2)
3R |y,

where i = h(t) is the convection heat transfer coefficient
(time dependent in the general case), Ry is the droplet’s
radius, 7, is the gas ambient temperature, Ty is the
droplet’s surface temperature, L is the specific heat of
evaporation. We took into account that Ry < 0 during
the evaporation process. Eq. (2) can be considered as a
boundary condition for Eq. (1) at R = Ry. This needs to
be complemented by the boundary condition at R = 0:
& ._, = 0, and the intial condition T(r = 0) = Ty(R).

Introducing the normalised radius » = R/Rq4, Eq. (1)
can be rewritten as

or o*T 20T
E:K(W+;§)+P(r)j (3)
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where
K= il
N Clleg ’
P(r) = Pi(rRa)/(c1py)
_ {3_" / i, ),)QaB;V(Tm)d/l] / (ap),

Ry .

B;(T.x) is the Planck function defined as
G
2’ [exp(Cy/ (MT)) — 1]

Cy =3.742 x 10 Wum*/m?, C, = 1.439 x 10* ymK, 1
is the wavelength in pm. T, is assumed to be constant.
0, is the efficiency factor of absorption which is esti-
mated as [23,25]

4n
Qa = (n T 1)2 [1 - eXp(—Za,de)],

BZ(Texl) =

I

w(r) is the normalised spectral power of radiation per
unit volume absorbed inside the droplet [23],
a, = 4nk; /2 is the liquid fuel absorption coefficient,  is
the refractive index, 4; and /, describe the spectral range
of thermal radiation which contributes to droplet heat-
ing.

Eq. (2) can be rearranged to

T
Ta =T~ 3| @
where Ty = T, +@. Eq. (4) is complemented by the
boundary condition at » =0 and the corresponding
initial condition mentioned above.

Ty 1s time dependent in the general case to account
for the effect of droplet evaporation and gas cooling.
Although we take into account non-zero Ry due to
evaporation, we assume that Ry is constant in all terms
except in the definition of T.;. This assumption would
certainly be not acceptable if we attempted to describe
the whole process of droplet evaporation by a single
analytical formula. Our solutions, however, are sug-
gested with a view of incorporation into a CFD code,
where it will be applied over relatively small time steps.
Due to the large value of the coefficient p,L/h, the cor-
rection to 7, leading to Ty can be justified even if the
solutions are considered over small time intervals. In the
realistic situation the temperature dependence of p,
needs to be taken into account. This would lead to the
initial increase, rather than decrease of droplet radii
despite the effect of evaporation [5].

The value of Ry is controlled by fuel vapour diffusion
from the droplet surface [3]:

7kg ln(l +BM)

Ry =
PriCpeRa

(5)

where By = Y/(1 — Yi) is the Spalding number, Y is
the mass fraction of fuel vapour near the droplet surface:

[ ()]

p and py, are ambient pressure and the pressure of sat-
urated fuel vapour near the surface of droplets respec-
tively, M, and M; are molar masses of air and fuel; pg
can be calculated from the Clausius—Clapeyron equation
presented in the form [26,27]:

b
Prs = €Xp {a - m] ) (7)

a and b are constants to be specified for specific fuels, pg;
is in kPa.

A more general kinetic approach to the problem is
based on the solution of the Boltzmann equation in the
Knudsen layer surrounding the droplet. In diesel engines
this kinetic model predicts up to 5-10% larger evapo-
ration times when compared with the evaporation times
predicted by the hydrodynamic model on which Eq. (5)
is based [28]. Analysis of the kinetic model is beyond the
scope of this paper.

Egs. (3) and (5) can be solved by iterations. At first
one can assume that 7; = Ty, in Eq. (7) and obtain the
solution of Eq. (3) as Ty = Ty (¢). Then this solution is
substituted into Eq. (7). When T; approaches the boiling
temperature 7 then the assumptions Y, <1 and
R4 = const become no longer applicable. The solution of
the problem in this case is beyond the scope of this paper
(see [29)).

Introduction of the new variable u = Tr allows us to
rewrite Eq. (3) as

— =K+ P(r) (8)

when r =1
u=0 when r =0 ©)

WOTwORe 5,
— d P(r) =rP(r).

I, M(t)=
3. Analytical solutions
3.1. Case h(t) = const

At first we consider the case A(f) = h = const. Hence,

H(t) = hy = (hRq/k) — 1 = const. Introducing a new
parameter y,(¢) = hT.x(¢f)Ra/k we can rewrite Egs. (9) as
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Qu

o= M) = g0
u=0 B when r =0
u(t =0) = rTy(rRq) = To(r) when 0<r<1

when r =1
(10)

Remembering that 4, > —1 let us look for the solution
of Eq. (8) in the form:

u(r,t) = %hor,uo(t) + W(r1). (11)

Having substituted function (11) into Eq. (8) we find
the equation for W:

ow oW ro du(?)

TR I A e (12)
with the boundary and initial conditions:
Wl = (67W+hOW) =0,

al’ =1 (13)

~ r
Wiy = To(r) *m#o(o)-

The solution of Eq. (12) subject to (13) can be pre-
sented as (see Appendix A)

00

=3 { i+ expl — wAi] (qn + futa(0) :;2>

n=1 n

+ /o /O'z du(;)T(T) exp| — kA (t — r)}dr} sin 2,7,
(14)

where p,, q,, f, and 4, are defined by Egs. (A.8) and
(A.3), and

1
u(r, ) ZThO”No(I)

iy 2 : Da
+ 308 Lo texpl — kit gn + futo(0) — S5
2 {K)z exp| — x4, ](q Satto(0) Kﬁ)

n n

+ /O ’ d"&(f) exp| — kA2(t — f)]df} Sin A
(15)

Remembering (A.8) and the definition of u, the final
solution of Eq. (3) can presented as

1 = Dn "2 Pn
T(r,t) =- +exp| — kAt n —
(1) r Z { A2 pl o] (q KA

n=1 n

sin 4,

- W#o(o) exp| — K/,1]
sind, " du(7)
_ o Hz/lz / c(i)r exp| — K/l,zl(t —1)]dr

x sin A,r + Toge(2). (16)

We took into account that T (f) = kipo(?)/(hRg). If
Ty(r) is twice differentiable, then the series in (14)—(16)
converge absolutely and uniformly for all 1 >0 and
r € [0,1] since

const
2 bl
2

|sin 4,7 < 1, exp(—Kgi.ﬁt) <1,

|pa| < comst, |g.| <

and 2,°<n? for n>1. It can be shown that

Ay > m(n — 1). Hence, for n > 1:
1

A",1>nn(l——) > nm/2 > n. (17)
n

When p, = const, P(r) =0, Tor = const and &k — oo
Eq. (16) reduces to [30]

3ht
Ti =T, + (T — T) exp <_01[)1Rd)7 (18)

where T(t = 0) = Ty.

The same expression could be obtained directly from
the energy balance at the surface of the droplet,
assuming that there is no temperature gradient inside the
droplet (model 1):

4 dr,
gnRéplcla = 4nRiA(T, — To). (19)

3.2. Case h(t) # const (general case)

Let us assume that
H(t) = ho + hi (1), (20)

where iy = const # —1 and A, (¢) is an arbitrary function
of time. This enables us to use the results obtained in the
previous section for the general analysis. If 4y = 0 then
H (t) =mh (l )

Having substituted (20) into conditions (9) we can
generalise conditions (10) as

0
6—1:—1— hou = —hy ()u + pio (1) = pye(t) whenr =1
u=20 when r =0

u(t = 0) = rTy(rRa) = To(r) when 0<r<1

(21)

If pg(f) is a known function then conditions (21) re-
duce to conditions (10) with yy(¢) replaced by pg(f).
The analytical solution of the problem would then be
given by series (15) with p,(¢) replaced by ug(t). Inte-
gration of the last term of this equation by parts allows
us to write
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u(r,t) :M+ U(r,t) +Z{fnﬂg0 «2

X /Ot Moo (T) €XP[ — KAZ(t — r)]d‘c} sin4,r, (22)

:i{ 2+exp;c/l]( %)}sin(inr).

Remembering (A.7) and (A.8) we can rewrite (22) as

u(r,t) =U(r,t) — /0 teo(T)G(t — 7, 7)d1, (23)

where

where

o0
G(t,r) =Kk Y Jafuexpl—Kipt] sin i,r

n=1

=— ZSIH} exp[—x/2t] sin 7. (24)

One can show that G(z,r) is continuous at ¢ > 0. For
t — 40 the following inequality holds:
c
Vi
uniformly with respect to » € [0, 1] (see Appendix B).
Remembering that u(¢) = M(t) — b (t)u(1, ) we can
rewrite (23) in the form:

u(r,t) =U(r,t) — /Ot[M(‘L') — i (t)u(l,7)]G(t — t,r)dr.
(26)

1G(2,r)] < (25)

This formula gives us an integral representation of the
solution of the problem (8), (21). For r =1 integral
representation (26) reduces to the integral equation for
the function u(1,¢):

u(l,t) =U(1,1) — /OI[M(T) — hy(t)u(l,7)]G(t — =, 1)dr,

(27)
where
sin’ 4,
Gt 1) = —KZ o exp[—xA2]
00 /'{2 5
= 2K ——exp[—xit]. 28
2;%+m+ﬁ pl=rh (28)

We took into account that
1 1 i
Ltcot® Ay 1+ (ho/2)"  Jo+H

If hy = 0 then G(, 1) = =2k 37| exp[—xAt], where
An = m(n — (1/2)). As shown in Appendix B, the kernel

sin® 2, =

G(t,1) is continuous if ¢ # 0. It has integrable singularity
G(t,1) o< t/2 when t — +0. The integral equation (27)
is the so-called Volterra integral equation of the second
kind. This equation has a unique solution, although this
solution cannot be found in an explicit form. The
scheme of its numerical solution is described in Appen-
dix C. Once the solution of this equation has been found
we can substitute it into integral representation (26) and
find the required solution of the initial and boundary
value problem (8), (21). The required distribution of T is
found as T'= u/r. In the case when 4,(¢) = 0 this solu-
tion reduces to that given by (16). To simplify the
numerical solution of the equation it is reasonable to
take sy = 0. In this case 4, = n(n — (1/2)) and ||v,||* =
1/2 in all equations.

3.3. Case of almost constant h('t)

In the case of almost constant A(z) we can use rep-
resentation (20) and assume that A (¢) = en(¢), where € is
a small parameter. In this case the perturbation theory
can be applied to the analysis of Eq. (27). We look for
the solution u(1,¢) of this equation in the form:

u(l,8) = v(t) = vo(t) + evi(t) + Eva(t) + - -

= iejvj(t). (29)

J=0

The substitution of series (29) into the integral
equation (27) gives

i Ul - / t [M(r) - n(r)ief“v,(r)

x G(t —1,1)dr. (30)

~.
|

The terms with the same powers of ¢ in the left-hand and
the right-hand sides of Eq. (30) should be equal. Hence,
Eq. (30) reduces to the following system of equations:

U(l,t) — f(;M(r)G(t— 7,1)dr,
el (t) = f(;n(‘c)vo(r)G(t —1,1)dr,

m
=]
=
o
—~
=
Il

(31)

fo v (1)G(t — 1, 1) dr,

Formulae (31) allow us to find all functions v;(¢) step-
by-step. Substitution of these functions into series (29)
gives the solution of the integral equation (27) in the
form of a power series in €. One can show that this series
converges absolutely and uniformly for 7 € [0, 7], if # is
a fixed number and ¢ (depending on #,) is small enough
(see Appendix D). Substitution of this solution into
integral representation (26) gives the solution of the
problem (8) and (21) for u(r,¢). The solution of the
original problem for 7'(r,¢) is T(r,t) = u(r,t)/r. Keeping
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only linear terms in the series (29) we obtain the
approximate solution of Eq. (27) with accuracy O(¢?):

u(l,) = U(L,1) —/.IM(T)G(I—T,I)d‘E

+e /Ot n(t)ve(r)G(t — 7,1)dr. (32)

4. Application

The theory developed in the previous sections is ap-
plied to a specific problem of heating fuel droplets in
diesel engines [5,6]. We take gas pressure p = 6 MPa,
T, = Ty = 1000 K and 2000 K, k, =0.061 W/(mK),
Ty =300 K, p, =846 kg/m’, M, =28.97 kg/kmol,
M = 198 kg/kmol, k = 0.14 W/(mK), ¢; = 2 kJ/(kgK),
a=15.5274, b =5383.59, L =254 kJ/kg, Ry =50 pm
and Ry = 25 pm [26,27,31,32]. Droplets are assumed to
be stationary (Req = 0). The generalisation of the results
to the case of moving droplets would require the mod-
ification of % and introducing k. instead of k& as dis-
cussed in the Introduction. We consider the case
h = const which allows us to focus the analysis on for-
mula (16). This formula needs to be used in combination
with formula (5) for Ry and remembering the definition
of Ty

We start with calculating the radial distribution of
the radiation power absorbed inside droplets. The plots
for k; and the approximations for w(r) presented in
Appendix E have been used. We restrict our analysis to
the unboiled low sulfur ESSO AF1313 diesel fuel used in
cars. Analysis of other types of fuel leads to essentially
similar results. The plots of P(r) versus r for Ry = 50
pm, Rq =25 pm and 7, = T = 1000 K, 7, = Ty =
2000 K are shown in Fig. 1. The shape of these curves is
rather similar to the one reported in [23], where slightly
less accurate results of measurement of x; of diesel fuel
and the simplified approximation of «; have been used.
The difference between the values of «; predicted by [23]
and our calculations did not exceed 9%. A typical fea-
ture of all plots is the presence of two maxima in P(r):
one near the surface of the droplet, and another at
r=1/n=1/1.46 = 0.68. The discontinuity of the slope
at r = 1/n is related to the fact that all rays entering the
droplet from outside, will concentrate in the cone with
the half angle 6 =sin~'(1/n) after refraction at the
surface. The spheres of radii » = 1/n are the maximal
spheres inside this cone. The results show that increasing
the size of droplet radii leads to an increase in the value
of P(r). Hence, larger droplets are expected to absorb
more thermal radiation due to their size, and also to
have a larger concentration of absorbed radiation. These
results are consistent with the prediction of the overall
absorption efficiency factor reported in [2]. As expected,

1.0E+05
Text = 2000 K
Ry =50 um
1.0E+04—///w
=2 Ry =25um
2
& Text = 1000 K
Ry =50
1.0E+03 /—//’w
Ry =25pum
1.0E+02 ‘ ‘ ‘ ‘
0.0 02 04 0.6 038 1.0

T

Fig. 1. Plots of thermal radiation power density absorbed by
diesel fuel droplets versus normalised radius. Droplet radii are
taken equal to 25 and 50 pum; external temperatures are taken
equal to 1000 and 2000 K (indicated near the curves). The
curves are presented for unboiled low sulfur ESSO AF1313
diesel fuel used in cars (DF1 fuel).

the increase in external temperature leads to a consid-
erable increase of P(r).

The application of formula (16) requires truncation
of the series. As will be shown later, this series converges
rather quickly. As a starting point, however, we take 25
terms of this series (the higher-order terms are in most
cases less than the round-up errors of the computer).
Assuming Tup = Toye = const = 2000 K, 7(r,t=0) =
Ty = 300 K and Ry = 50 pm the plots of 7'(r,¢) versus r
are presented in Fig. 2 for 7 = 0.01, 0.1, 1 and 5 ms both
with and without radiation. As follows from this figure,
the effect of radiation leads to a small (about 10%) in-
crease in the droplet temperature at ¢ = 5 ms. At shorter
times this increase is smaller. Note that radiation
leads to an increase in temperature throughout the

800

—— with radiation

7004 without radiation 5.0ms

&
[—.
------------------------------ 1.0 ms
400
7 0.01ms
--------- B 1
300 : pensasezncge . :
0.0 0.2 04 0.6 0.8 1.0

Fig. 2. Plots of droplet temperature versus normalized radius r
for various times (indicated near the curves). Droplet radius
and gas and external temperatures are taken equal 50 pm and
2000 K respectively. Curves for the cases when thermal radia-
tion was ignored (dashed) and taken into account (solid) are
presented.
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800
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M 600 e
=~ oo
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',-"' Teff = const with radiation
N Teff = const without radiation|
400 A = Teff = f(t) with radiation
= = = Teff = f(t) without radiation
300 T T T T
0 1 2 3 4 5

t/ ms

Fig. 3. Plots of droplet surface temperature versus time for the
case when T, = const (zeroth iteration) and Tor = Tor(¢) (first
iteration). Droplet radius and gas and external temperatures are
taken equal 50 pm and 2000 K respectively. Curves for the cases
when thermal radiation was ignored (dashed) and taken into
account (solid) are presented.

whole droplet as expected. At shorter times, droplet
temperature increases in the immediate vicinity of its’
surface only.

The plots of droplet surface temperatures versus time
for the same values of gas temperature, initial droplet
temperature and droplet radii, as in Fig. 2, are shown in
Fig. 3. Similarly to Fig. 2, the plots taking and not
taking into account the effects of radiation are pre-
sented. In contrast to Fig. 2, the cases Tiir = Tox = const
(zeroth iteration) and Ty = Togr(¢), but Ty = const (first
iteration) are presented. The plots for the second and
higher iterations are practically indistinguishable from
those for the first iteration.

In agreement with Fig. 2, Fig. 3 shows that the effect
of thermal radiation leads to a noticeable (up to about
10%) increase in droplet surface temperature. This effect
is even more pronounced for higher gas temperatures.
Comparing the predictions of the zeroth and first
approximations, we can see that at +<2 ms they are
practically undistinguishable. This means that the effects
of droplet evaporation at ¢ < 2 ms can be ignored. This is
confirmed by Fig. 4 where the plot of Ry versus time, as
predicted by (5), is shown. As follows from Fig. 4, the
decrease in droplet radius at 7 <2 ms is less than 0.3%.
This justifies our approximation that Ry = const.

Now we can investigate the influence of the number
of terms in the series taken on the accuracy of the pre-
dicted values of droplet temperature. The plots of 7'(r)
versus r for t=1 ms, T, = T. = const = 2000 K,
T(r,t=0)=T3=300 K, Ry=50 pm and several
numbers of terms in the series taken are shown in Fig. 5.
The effect of radiation was taken into account. As can be
seen in this figure, the prediction of the series with just
three terms is practically indistinguishable from the
prediction of the series with 25 terms. This agrees with

50.5

0 05 i I's 2 25 3 35
t/ ms

Fig. 4. Plots of droplet radius versus time for the case when the

initial droplet radius and gas and external temperatures are

equal 50 um and 2000 K respectively. Effects of thermal radi-
ation are taken into account.

600
— lterm
500 2 terms e
----- 3 terms =i ms
25 terms
400
2
F
300 A
200
100 T T T T
0.0 0.2 0.4 0.6 0.8 1.0

T

Fig. 5. Plots of droplet temperature versus normalized radius r
for t =1 ms. The plots refer to the case when 1, 2, 3 and 25
terms in the series are taken. Droplet radius and gas and
external temperatures are taken equal 50 pm and 2000 K
respectively. The contribution of thermal radiation was taken
into account.

the prediction of Table 1, where the results of our
analysis of the number of terms required for
Ter = Texe = 2000 K and the average errors are shown.

The line ‘number of terms’ indicates the number of
terms required in order for the average error in the
estimate of the series does not exceed 1%. The actual
average error is indicated in the same table. Note that if
we consider the errors in the estimate of 7, rather than
average errors, then the number of terms required to
meet the same criterion would be slightly different. For
R4 =50 um and ¢ = 0.01, 0.1, 1 and 5 ms these numbers
would be 12, 5, 2 and 1 respectively. For Ry =25 pm
and r = 0.01, 0.1, 1 and 5 ms these numbers would be 8,
3, 1 and 1 respectively. As follows from this table, the
required number of terms increases with decreasing ¢
and increasing Ry.
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Table 1
Rgo (pm)
50 25

t (ms) 0.01 0.1 1 5 0.01 0.1 1 5

Number of terms 6 5 3 2 6 4 2 2

Average error (%) 0.94 0.61 0.14 0.16 0.63 0.22 0.07 0.02
Table 2

Ryo (pm)
50 25

t (ms) 0.01 0.1 1 0.01 0.1 1 5

Number of terms 3 2 2 2 2 2 2

Average error (%) 0.38 0.92 0.45 0.14 0.05 0.07 0.04 0.02

In Table 2 the results similar to those shown in Table Table 3
1, bqt for the initial distribution of droplet temperature Rao (um)
predicted by Eq. (16) for t = 1 ms are shown. This can
. . C . 50 25
approximate further heating of an initially preheated
droplet. As can be seen from this table, the number of Tear ((K)) éOfO 50(?0 :0600 30500
in th . . f actical applicati . typ (ms . . . E

terms in the series required for practical applications is Decrease in 119 0.99 119 171

noticeably less that in the case of modelling of heating of
a cold droplet. As in the case shown in Table 1, the
number of terms required decreases with decrease of
droplet radius. In fact if droplet radii less than 10 pm are
considered then just one term in the series would be
sufficient to ensure the error of less than 1%. If we
consider the errors in the estimate of 7, rather than
average errors, then the number of terms required to get
an error of less than 1% would be slightly different. For
R4y =50 pm and ¢t = 0.01, 0.1, 1 and 5 ms these numbers
would be 3, 2, 2 and 1 respectively. For Ry = 25 um and
all times one term would be sufficient. This has an
important implication when we incorporate the results
into a CFD code. If we ignore the effects of very initial
heating of droplets, then three terms of the series in (16)
would be more than enough to ensure that the error of
calculations is well below 1%.

Plots similar to those shown in Figs. 2-5 can be
shown for other values of Ty and T, and Ry. One of the
most important characteristics following from these
curves would be the upper time limit (¢,,) over which the
approximations T = const and Ry = const are valid.
The values of #,, for various Ty and R4 are shown in
Table 3. It was assumed that T4 = Toy.

The values of #,, have been estimated as those ¢ for
which the decrease in Ry have not exceeded 0.2%. As
follows from this table, the values of #,, decrease with
decreasing Ry and increasing 7. Note that even in the
most unfavourable situation the values of ¢,, are large
enough to play an important role in the process of
droplet heating in diesel engines [5,6]. Note that taking
into account the contribution of Ry leads to a much

predicted T. (%)

larger decrease in 7; than in Ry as expected. This pro-
vides additional support to our assumption that
R4 = const, but Ry # 0.

5. Conclusions

Analytical solutions of the heat conduction equation
inside a spherical droplet have been suggested. The
droplet has been assumed to be heated by convection
and radiation from the surrounding hot gas—a situation
typical in many engineering applications. Initial droplet
evaporation, the effects of time dependent gas tempera-
ture and the convection heat transfer coefficient have
been taken into account. Three approximations for the
convection heat transfer coefficient have been consid-
ered. Firstly, this coefficient has been assumed constant
and an explicit formula for the time dependent distri-
bution of temperature inside droplets has been derived.
Secondly, the general case of time dependent convection
heat transfer coefficient has been considered. In this case
the solution of the original differential equation has been
reduced to the solution of the Volterra integral equation
of the second kind. A numerical scheme for the solution
of this equation has been suggested. Thirdly, the case of
almost constant convection heat transfer coefficient has
been considered. In this case the problem has been
solved using the perturbation theory. A set of solutions
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corresponding to ascending approximations have been
obtained.

Results referring to the case of constant convection
heat transfer coefficient have been applied to a typical
problem of fuel droplet heating in a diesel engine. Re-
sults of the measurements of the index of absorption of
four different types of diesel fuels have been presented.
Only results referring to low-sulfur ESSO AF1313 diesel
fuel used in cars have been used in the analysis. Results
referring to other types of diesel fuel are expected to lead
to similar conclusions. It has been shown that the effects
of radiation lead to a noticeable increase in droplet
temperature, especially at larger times and larger droplet
radii. The distribution of temperature inside droplets has
been shown to be different from constant values, as as-
sumed in the isothermal model. This implies that finite
thermal conductivity of fuel droplets and the effects of
radiation need to be taken into account when modelling
droplet heating in diesel engines. It has been shown that
the range of times when the model is applicable de-
creases with decreasing droplet radii and increasing
ambient gas temperature.
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Appendix A. Solution of Eq. (12)

We look for the solution of Eq. (12) subject to (13) in
the form:

W(r,t) = ic,,(t)vn(r)7 (A1)

where functions v,(r) form the full set of non-trivial
solutions of the equation:

dZ
F + ;LZU = (AZ)

subject to the boundary condition v|,_,= (4 +
hov)|,_, = 0. The general solution of Eq. (A.2) v(r) =
A cos Ar 4+ Bsin Jr satisfies the boundary condition when

A =0 and
Ac0S A+ hysinA = 0. (A.3)

The solution of Eq. (A.3) gives a set of positive eigen-
values 4, numbered in ascending order (n = 1,2,...). If
hy=0, then ,=mn(n—1). Assuming that B=1,
expressions for eigenfunctions v, can be written as
v,(r) =sinA,r (n=1,2,...). The value of B is implicitly
accounted for by the coefficients ¢,(¢) in series (A.1). The

functions v,(r) form a full set of eigenfunctions which
are orthogonal for r € [0,1]. The orthogonality of
functions v, follows from the relation:

A U"(r)vm(r)dr:6anUnH27 (A4)

where

[0, n#m, ) 1 sin 24,
6’""_{1, n=m, o] _5(1_ 2

1 ho
=—[1+=—"_1.
2( hﬁHi)

The eigenvalue 4y = 0 describes the trivial eigenfunction
vo(r) = 0. The orthogonality of v, allows us to expand
known functions in Egs. (12) and (13) in the series:

P(r) =" pav(r), (A.5)
n=1
=3 quulr), (A.6)
n=1
f( ) - 7}”/ 1 +h0 Zﬁlvn (A7)
where
o= |u,,|| / o= |z;n|| /
SlIl
fu= f(r F=———.
ol / o2

(A.8)

Having substituted series (A.1), (A.5) and (A.7) into
Eq. (12), we obtain

g (dcd”t(t) + cn(t)vcﬂ,i) 0u(r)
Z< L, G )) on(r). "

Both sides of Eq. (A.9) are Fourier series of functions
v,(r). Two Fourier series are equal if and only if their
coefficients are equal. This implies that

de, ()
dr

+eult)c ,,—pn-i-fnd#()(). (A.10)

The initial condition for ¢,(¢) follows from the initial
condition for W: ¢,(0) = g, + fu1t,(0). The solution of
(A.10), subject to this initial condition, can be written as

[—rcit] (qn + St (0) — :)2>

n

a(t) =

;2

+/ /0 t d“é’f(f) exp[—x/2(t — 7)]dr.

(A.11)
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Having substituted functions (A.11) and v(r) into series
(A.1) we obtain solution (14).

Appendix B. Estimate of G(z,r) at t—0

Series (24) converges absolutely and uniformly to the

continuous function for (¢,7) € [§,00) x [0,1] for any
small J > 0 since
exp[—x/t] < exp|—xn*t] < exp[—xn?d] (B.1)

(recall that A’j > n? for n > 1 according to inequalities
(17)). Now we prove the estimate (25) for ¢> 0.
Inequality (B.1) allows us to write

|G(z,7)| <cox{1 + i exp| — ant]} =G(1), (B.2)

Where ¢y 1s a constant for which the condition
loa]l > < co is satlsﬁed For example, if 4y > 0 we can
take ¢y = 2 since ||v,||* = 1/2. The sum o, exp|—xn*]
can be considered as a sum of areas of polygons of unit
width placed under the curve exp[—)?¢]. This sum is less
than the area under this curve. Hence,

Z exp[—Kn’t] </ exp[—xy*f]dy
n=2 1

</ exp [ — ky’t]dy
0

= % /0X exp|—z*]dz = 2\/\/%. (B.3)

Having substituted (B.3) into (B.2), we obtain

|G(t,r)| < G(1) < COKP +L} <e/vi, te(0,1)

2v/kt
(B.4)

for any fixed # > 0. The new constant ¢ depends on #.
Inequality (B.4) is equivalent to Inequality (25). It holds
uniformly for r € [0, 1].

Appendix C. Numerical solution of Eq. (27)

Let y(¢) = u(1,¢) and rewrite Eq. (27) as
v(t) =U(1,1) / M(7)

We look for the solution of Eq. (C.1) for € [0, 7], where
iis a constant. Let At = 7/N and ¢, = nAt, where N is the
total number of timesteps, n = 0,1,...,N is the number
of the current timestep. Note that f, =0 and ty = 7.
Discretisation of Eq. (C.1) gives

WOIGE - 7, 1)dx.
(C.1)

§) = Ulln) =3 / " M) — (@)

x G(t, —1,1)dr, (C.2)

where n =1,...,N. Note that y(#) = ¥(0) = U(1,0) =
Ty(1) is a known constant.

The first (n—1) integrals in this sum can be
approximated as

/t[/ M(7) = i (DY (0)]G(tn — 7, 1) de

-

~ {M(ri,-) hy(z )W( )+2w(f ) }G(z 75, 1)At,
(C.3)
where j=1,2,...,n—1, 1, =1, — %At. Approximation

(C.3) is valid since all functions in the integrand are
continuous and we look for the solution in the class of
continuous functions. The known functions are taken at
7 = 1; (middle of the range [¢;_1,1]), while the unknown
functions are taken as the average of the values at the
end points ¢;_; and ¢;.

The last term in the sum in Eq. (C.2) requires special
investigation since the kernel G(z, —t,1) in the inte-
grand becomes singular when t — ¢, — 0 (see estimate
(B.4)). All other functions in this integrand, including
the unknown function u(¢z) are assumed continuous.
Hence, we can write

/ " M) = (]G0, — . 1) de

~ {M(Tn) —h (TH)M } / Gt —1,1)dr.

(C.4)

~Let us consider an auxiliary integral: /(7)) =
j;i—l G(t, —t,1)dr, where 7€ (t,.1,%). In the range
[t,_1,7] series (28) converges uniformly and absolutely as
proven in Appendix B. Also, all terms of this series are
continuous. Hence the order of summation and inte-
gration can be changed and using formula (28), we can
write:

:_zz

7
exp[—xA2 (¢, — 1)]dt
Mmhoﬂ | el )

00

_ —Z - +h i E {exp[— K32 (1, — 7)]
0

0

—exp[— ;c)»mAl}}. (C.5)

The denominator in series (C.5) is always positive since
loa]* > 0.

Remembering estimate (17), the series in (C.5) con-
verges absolutely and uniformly for 7 € [¢,_,1,]. Since all
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terms in series (C.5) are continuous, the series is the
continuous function as well. This allows us to consider
the limit # — ¢, — 0 in both parts of formula (C.5) to
obtain

tn
/ Gt,—t,1)dt
th—1

lim 7(7)

1—t,—0

- Z - — TTeTE { im expl 721, ~ 1)

—exp[ — K),iAt]}

= Zh2+h0+)2 (1 —exp[ — kA, Af]) = g.

(C.6)

If Ay =0 then 4, = n(m — (1/2)). The combination
of formulae (C.3), (C.4) and (C.6) allows us to present
Eq. (C.2) in the following form:

Y(tn) = UL ty) = {M () — b () [ (1) + ¥ (ta-1)]/2}2

_Z{M 1) = h(x) W (4) +v(-1)]/2}

x G(t, — 1, 1)At, (C.7)

where n =1,2,...,N, and g is given by series (C.6).
Eq. (C.7) can be rearranged to the form particularly
convenient for numerical analysis:

1
105;1(){‘/(“")

_ |:M(T*l) _ hl(Tn)zlﬁ(fn—l)}g

_Z{M

W(t) =

)W (G) + ¥ (6-1)1/2}

x G(t, — 15, l)At}. (C.8)

For n =1 the sum in formula (C.8) is equal to zero and
V(ty) is a known constant (see above). This allows us to
calculate y(#) explicitly from formula (C.8). Once y(#)
has been calculated we can use formula (C.8) for cal-
culation of () etc. At the nth step, formula (C.8) is
used for calculation of (z,) using the values of
V(to),¥(t),.. . ¥(t,_1) calculated at the previous steps.
At this step all terms in the sum Zj’;l' are already
known. Once we have obtained the solution of Eq. (27)
we can find the value of u(r,7) from a discretised form of
Eq. (23):

N
u(r,t) = U(r,?) Z ,ugo —1,r)dt
j=1
e ﬂgo(/ 1)+ () s
U(r,t) — 3 G(t —1;,r)At
-1
In_ t B
Hgo (ty 1); Heo(t) / G(ty — t,r)dr,
(C.9)

where 7 = ty. From estimate (25) it follows that the last
integral is improper and needs to be calculated sepa-
rately. Remembering Eq. (24), we can write

Iy
/ Gty — t,r)dt
N

N
=— Z sin 4, sin /l,,r/ exp[—KA(ty — 1)]dt
-1

\Un||
)' n "
=y A S (2]
n=1 ” "IH j’
X W +2 sind,sin(2,r) )
=-2 8 T "1 — exp(—K/i.A?)).
;h%-i‘ho-i',, 2 [ (=, Ar)]
(C.10)

When deriving this equation we took into account the
expression for ||v,||” introduced in Eq. (A.9). This deri-
vation is similar to the one given above (see Eq. (C.6)).
Having substituted Eq. (C.9) into (C.8) we obtain the
required value of u(r,7). Note that pug(t;) =M(t;)—
hi(t))u(1,t;), where u(1,t;) is the solution of Eq. (C.8).

Appendix D. Investigation of the convergence of (29)

Let # be an arbitrary fixed positive number and
introduce the norm of the continuous function F(¢) for
t€[0,%)], ||F|ly = maxo<,<, [F(f)]. Let us rewrite the
integral in the last equation in the system (31) as

vi(t) = /Oln(t—‘c)v,-_l(t—r)G(r,l)d‘c, (D.1)

where ¢ € [0,%]. Hence, we can estimate the terms in
series (29) as

Iy, (0 / In(t = )l (e = D]1G(z, 1)) d

<Jhllolvy 1l / Gz, 1)) d

-
C

<lnllollvy-1llo / L a

= ZZ’\/EHVI“oHVJ'—I ”07 (D.2)

where ¢ € [0,%]. When deriving this estimate we took
into account inequality (B.4) for r = 1.

Inequality (D.2) can be applied for v;_;, v,_, etc. This
leads to the new estimate:
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O < @evilnllg) l[v-2llo < -+ < @evallnlloY lIvollo,

(D.3)

where v, is given by (31) and ¢ € [0, #)]. Inequality (D.3)
allows us to estimate series (29) as

S eoi< > (2eevilally) ol

J=0 Jj=0
. j
<> (2eevalinly) Ivoll, (D4)
Jj=0

The series on the right-hand side of (D.4) is the

geometrical progression which converges when
2¢e\/Bol|nlly < 1, i.e. when
evio <1/ (2l ) (D.5)

where the constant ¢ is determined by (B.4). Based on
the Weirschtrass criterion about uniform convergence of
functional series, series (29) converges absolutely and
uniformly for ¢ € [0, #] if estimate (D.5) is valid. If ¢, is
fixed then the criterion (D.5) can be rewritten as

e <1/ (2eValnl,)- (D.6)

Note that series (29) converges not only for small € but
also for arbitrary fixed e when ¢ is small enough. In this
case criterion (D. 6) needs to be replaced by the criterion:
fh < [1 /(2e€|nll, )] Let us now estimate the remainder
of series (29) using inequality (D.3):

o0 . o0 B j
> | <lvlly D (2eev/mlinll)
j=N+1 J=N+1

1

~ N+
ol (2eevlinl,)

= ||V A~ —
"= el

- O((e zO)N“). (D.7)

Hence, it follows from series (29) that
Ze’v] +O( e\/_)NH) (D.8)

where 7 € [0,4] and estimate (D.5) is assumed to be
valid.

Appendix E. Approximations for w(r)

Results of experimental measurements of x; for
typical diesel fuels in the range 0.2-6 pm are shown in
Fig. 6 (see [33] for the description of the experimental
techniques used).

1.E+00
s
o) \
K (/ \W\w |
1.E-02 5 f
1.E-03 § W '"AK"“MA/‘\';:’: i
v
1.E-04 { '\ |
1.E-05 —— DFI unboiled
LE06 1 ——— DFI boiled
= ——— DF2 unboiled
LE-07 1 DF2 boiled
1.E-08 T
1 2 3 4 5 6

A/um

Fig. 6. Spectral distribution of the index of absorption x; of
low sulfur ESSO AF1313 diesel fuel used in cars (DF1: boiled
and unboiled) and BP Ford reference diesel fuel used in off road
equipment (DF2: boiled and unboiled).

The values of w(r) were calculated based on the fol-
lowing equations [25]:

[1—p.O0(—1/n)]( +7)

= E.1
) [0.6(1 — ) —2/m] +5(1 - )’ (£
where
_ 15 06 (LY
=TT )

1\2

n, = 1 — (;) s Ty = a;de = 4TEK?;~Rd//‘L,

0 whenx<0
@(X)f{l when x > 0
and
W) = &g exp [ — &(1o — 1)

3 w(&ro —2) + (2/9)[1 — exp(—¢n), ]
(E.2)

where 1 = a;R, £ =2/(1 + p.). Eq. (E.1) was used when
7o < nv/2.5, otherwise Eq. (E.2) was used. The general-
isation of the model presented in [23] to the case of
asymmetrically illuminated droplet have been reported
in [34].
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